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I. Introduction

T HE problem of underwater blast-wave focusingover truncated
ellipsoidal re� ectors is considered. Namely, a blast wave is

initiated, which will be propagating into a quiet water when time
evolves. The truncated ellipsoidal re� ector has a ratio (a=b) of the
half major axis (a) to the half minor axis (b) and a ratio (r=b) of the
aperture radius (r ) to the half minor axis b. The � ow feature of this
problem is nonlinear shock-wave focusing and negative pressures.
Negativepressuresrepresenttensilewaves. Blast-wavefocusingcan
produce a maximum (positive) pressure and a minimum (negative)
pressure. The negative pressures may result in a cavitation phe-
nomenon. The cavitation has negative effects on tissue damages1

and may have a positive effect on stone comminution because of
the induced microjets2;3 in the application of extracorporealshock-
wave lithotripsyfor treatinghuman calculi.Past researchers’studies
indicatedthat theminimum(negative)pressureis about20%in mag-
nitude of the maximum pressure.2 To our knowledge no paper has
reported an accurate prediction of the maximum pressure, negative
pressures, and the ratio of the minimum pressure to the maximum
pressure.

In 1995 Jiang and Shu4 introduced a � fth-order weighted es-
sentially nonoscillatory (WENO) scheme in Cartesian coordinates
and validated the scheme on various test problems involving linear
and nonlinear hyperbolic equations. Their results indicated that the
WENO scheme seems to be able to resolve some discontinuities
and complicated � ow structures. Therefore we extend the WENO
scheme to a curvilinear coordinate system. In the past 10 years re-
searchers have used a piecewise linear method,5 a random choice
method,6 and a total variation diminishing (TVD) scheme.7 For
the problem of underwater shock-wave focusing, these schemes
seemed to have dif� culties with the accurate predictionof the max-
imum pressure and negative pressures without special numerical
techniques such as grid adaption. Thus in this study an attempt
is made to develop a high-order Euler solver using the � fth-order
WENO scheme for simulating the axisymmetric blast-wave focus-
ing problem.

II. Mathematical Formulation
Neglectingthe effectsof viscosityand bubblescausedby negative

pressure, the governingequations for the � ow of underwater shock-
wave focusing are the time-dependentEuler equations:
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where Q is the conserved variables; F; G are the � ux vectors;
H is the source term caused by axisymmetry; ½ is the density;
p.D p0 ¡ B/ is the pressure; u and v are the velocity components;
and c is the speed of sound, E the total energy per unit volume,
and B a constant. The modi� ed pressure p0 is related to the � ow
variables E; u; v:
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where the values of ° and B are chosen as 7.66 and 2955 bars,
respectively, such that the speed of sound c D .° p0=½/1=2 at room
temperature is 1483 m/s. Note that the equation of state for water
has been adopted,which is describedby the modi� ed Tait equation.
For detail, refer to the paper of Sommerfeld and Müller.5 Note that
Eq. (1) represents a planar � ow for ® D 0 and an axisymmetric � ow
for ® D 1. For easy treatment of boundaryconditions, the governing
equations are usually written in the body-� tted coordinate .»; ´/.
Thus Eq. (1) becomes
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The relation between Eqs. (1) and (3) is expressed by
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where J D »x ´y ¡ »y ´x is the Jacobian.

III. Numerical Method
A. WENO Scheme

The numerical method of high-order accuracy in a � nite volume
approach is used to solve Eq. (3). For time integrationa fourth-order
Runge–Kutta method is employed. For spatial discretizationa � fth-
order WENO scheme is adopted. For more detail, refer to Refs. 4,
8, and 9. A local time step is chosen for all unsteady � ow calcula-
tions. The Courant number is set to be 0.5. All computations were
performed on a DEC alpha workstation with a 256-MB memory.

B. Initial and Boundary Conditions
An initial blast wave5 is prescribed by

p.r / D pl C . ph ¡ pl/ exp[¡.r0 ¡ r /=c¿ ]; r · r0

where r is the distance from the blast center, which is assumed
to be the � rst focus of the ellipsoidal re� ector, c the sound speed
in water, ¿ the wave decaying time, ph the pressure at the wave
front, and pl the pressure ahead of the blast wave. Initially, the
� ow properties are determined by the given pressure ratio p.r /=pl

based on the Rankine–Hugoniot conditions.As shown in Fig. 1, the
boundary condition on the re� ector surface is the slip condition.At
the out� ow/in� ow and top boundaries, the nonre� ecting boundary
condition of Thompson10 is speci� ed, and a symmetry boundary
condition is imposed on the bottom boundary.

IV. Results and Discussion
A. Code Validation

Case 1: Shock-tube problem. A shock tube with a pressure ra-
tio of 10 is tested. The working � uid is air. The diaphragm is
located at x D 0:8. The computational domain is chosen to be
f.x; y/ j ¡0:815 · x · 2:445, 0 · y · 0:0455g. A uniform 300 £
100 grid was used. The computed result of the Mach number dis-
tribution at (dimensionless) time t D 0:55 is shown in Fig. 1, which
is compared with the exact solution and the solution obtained by
a TVD scheme.10 One can see that the three solutions are in good
agreement. In particular, the WENO scheme has a better resolution
at the discontinuities, the shock wave and contact surface, than the
TVD scheme.

Case 2: Simple underwater shock-wave re�ection problem. Con-
sider a normal shock with pressureratio of 700 impingingon a plane
wall located at x D 0. The working � uid is water. The pressure ratio
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Fig. 1 Mach number distribution for a shock-tube problem, t = 0:55.

a) Incident shock at t = 0:001

b) Re� ected shock at t = 2

Fig. 2 Simple underwater shock-wave re� ection problem.

produces an incident shock Mach number of 1.063. From analysis,
the pressure ratio for the re� ected shock wave with a Mach number
of 1.058 is 2.119 or 1483:33=700. The same grid as in case 1 was
used. The computed pressure ratio for the re� ected shock is 2.122
or 1485:6=700. The relative error is only 0.033%. Figure 2 shows
the pressure distributions at t D 0:001 and 2. From Fig. 2a one can
see that there is a slight oscillation near the incident and re� ected
shock waves.

Case 3: Underwater shock-wave focusing over a parabolic re-
� ector. Consider a two-dimensional parabolic (y D 4 f x ) re� ector
with a ratio of the focal length f to the half aperture length l equal
to 0.357. We set l D 1 unit and f D 0:357 units. Initially, a nor-
mal shock with pressure ratio of 700=1 is given and is incident
to the re� ector. The computational domain used is chosen to be
f.x; y/ j 0 · x · 1:7; 0 · y · 1g, which is similar to the one indi-
cated in Fig. 1, but the top boundary was set to be a wall boundary.
Five grids—100 £ 100 (grid 1), 150 £ 150 (grid 2), 200 £ 200 (grid
3), 200 £ 250 (grid4), 200 £ 300(grid 5)—were used.The variation
of the maximum pressureson these � ve grids is shown in Fig. 3. The
maximum pressure is increasedwith the grid number.The improve-
ments on themaximumpressureare respectivelyabout23,16,6, and
2%, when the grid is sequentiallychanged from grid i to grid i C 1,
i D 1; 2; 3; 4. Notice that the increase in the maximum pressure is

Fig. 3 Comparison of maximum pressures along the symmetry axis.

Fig. 4 Effect of grid number on the maximum pressure.

Fig. 5 Effects of grid number on the maximumpressure, the minimum
pressure, and the gasdynamic focus.
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a) t = 2:05

b) t = 2:55

c) t = 2:75

Fig. 6 Pressure distributions along the symmetry axis at different
instants.

slowed down when the grid number is greater than 200 £ 200. The
problem was also studied by Sommerfeld and Müller.5 Their nu-
merical solution on a grid with grid size of 1x D 0:01 is compared
to our solutionon grid 2, because grid 2 has grid sizes close to 0.01.
The computed maximum pressures along the x axis are shown in
Fig. 4 and compared with the results obtained by a TVD scheme.11

The TVD scheme underpredicts the pressure peak, which occurred
at the gasdynamics focus, x D 0:32. Moreover, the present solution
is reasonably close to the result of Sommerfeld and Müller.

B. Axisymmetric Blast-Wave Focusing Problem
The geometry of the truncated ellipsoidal re� ector is given by

x2=a2 C y2=b2 D 1 with a=b D 1:4 and r=b D 0:95, where a; b are
the half major and minor axes and r the aperture radius of the re-
� ector. The parameter values of the blast wave are chosen to be
r0 D 0:3; ¿ D 0:04; pl D 1 bar, and ph D 200 bars.We choose the fo-
cal length f as the characteristic length and rede� ne the � rst focus
as the coordinateorigin, and so the � rst and second foci are located
at x D 0 and 2, respectively.The computationaldomain is chosen to
be f.x; y/ j ¡0:4289· x · 2:5, 0 · y · 0:9696g. To study the effect
of grid numberused on the numericalsolution,four gridswere used.
They are the 300 £ 150 grid (grid 1), the 400 £ 200 grid (grid 2), the
500 £ 250 grid (grid 3), and the 500 £ 300 grid (grid 4). Figure 5
shows the variations of the minimum and maximum pressures and
their ratios on different grids. Note that the computed gasdynamic
foci are also included. The improvement on the maximum (posi-
tive) pressure is approximately35% for changing grid 1–2, 13% for
changing grid 2–3, and 3% for changing grid 3–4. The improve-
ment on the minimum pressurebecauseof sequentialgrid change is
approximately 7, 6, and ¡5%, respectively.The ratios of the mini-
mum pressure to the maximum pressure are 61% on grid 1, 29% on
grid 2, 24% on grid 3, and 25% on grid 4, respectively.Sturtevant2

pointed out that the ratio from lithotriptordata is about 20%, which
means that the present pressurepredictionsare reasonablyaccurate.
The computed gasdynamicfocus is approximately x D 2:02 on grid
1, 2:03 on grid 2, 2:08 on grid 3, and 2:09 on grid 4, respectively.
The computed gasdynamic foci are very close to the geometric fo-
cus, which is the theoretical gasdynamic focus based on the linear
acoustic theory. Figure 6 shows the numerical result of the pressure
distributionsalong the symmetry axis at different instants.Figure 6a
indicates that the re� ected blast wave has not focusedyet. Figure 6b
shows that the re� ected blastwave is in focusing,resulting in a max-
imum pressure and a minimum pressure. After wave focusing the
pressure peaks are reduced, as shown in Fig. 6c. From Fig. 6 one
can see that the negativepressuresbecause of fast expansionalways
occur closelybehind the maximum pressure.The negativepressures
represent tensile stresses and may induce a cavitation phenomenon
in a real situation when it is below a critical value.

V. Conclusion
A high-resolutionnumerical solver of the Euler’s equations with

air or water as a working � uid has been developed. The numerical
scheme is a fourth-order Runge–Kutta method for time integra-
tion and a � fth-order WENO scheme for spatial discretizationon a
curvilinearcoordinate.The solver is validatedon four test problems.
For the axisymmetric underwater blast-wave focusing problem, the
computedmaximum and minimum pressuresseem to be reasonably
accurate.
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Introduction

R EFLECTED shock tunnels have been used to provide high-
enthalpyhypersonic� ow� elds for ground-testingapplications

for about40 years.1 High-velocity� ow in these tunnels is generated
from theconversionof theenthalpyin the tunnelreservoirto directed
motion (kinetic energy) of the gas through a steady expansion pro-
cess via a nozzle. The freestream conditions for the expanded � ow
are typicallycalculatedfrom nonequilibriummultidimensionalnoz-
zle codes,2;3 generally based on input from side-wall pressure and
shock-speed measurements near the shock tube end wall. Experi-
mental determinationsof the freestream conditions and the steady-
state test time have been very limited and generally indirect, and
there have apparentlybeen no previousdiagnosticscapableof time-
resolved velocity measurements. This Note describes the develop-
ment and implementationof a compact sensor, based on absorption
spectroscopy techniques and comprising tunable diode lasers and
� ber optics, that capitalizes on the natural presence of chemi-
cally frozen atomic potassium (K) for the direct determination of
gas velocity from measurements of Doppler-shiftedabsorption line
shapes. The large line strength of the probed potassium transition
(2S1=2 ! 2P1=2) near 770 nm allows the determination of velocity
from absorptionmeasurementsof trace concentrations(either natu-
rallypresentor intentionallyseeded)overpath lengthsof a fewcenti-
meters. The compact sensor (containing the optoelectronics for
direct absorption measurements) was inserted into the � ow� eld
to provide velocity measurements with relatively high spatial
resolution.
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Diagnostic Description
The diode laser sensor was applied to measure velocity in the

Calspan 96-in. hypersonic shock tunnel. The operational details
and capabilities of the facility have been published previously.4

The design of this second-generation sensor is conceptually sim-
ilar to that of a larger probe developedpreviously for simultaneous
near-infrared (1.3–1.4 ¹m) H2O absorption measurements of tem-
perature,species concentration,and velocity in hypersonic� ows.5;6

Figure 1 shows the layout of the optoelectronicswithin the probe.
The probe was installed directly into the � ow� eld, 25 cm below the
nozzlecenterline,to minimize complicationsdue to boundarylayers
and facility vibration.The nozzleexit diameter is 121 cm. The probe
walls were constructed with 1.6-mm thick stainless steel for struc-
tural integrity. No cooling was required due to the short � ow times.

The wavelengthof the (AlGaAs)diodelaserwas currenttunedat a
10-kHz repetitionrate over the potassium D1 .2S1=2 ! 2P1=2/ transi-
tions near 770 nm to record a Doppler-shiftedabsorptionfeature ev-
ery 0.1 ms. The laser linewidth (1ºlaser D 150 § 10 MHz) was mea-
sured with a high � nesse (F D 50 and free spectral rangeD 2 GHz
at 770 nm) confocalFabry–Perot interferometer.The optical output
(nominal power D 9mW) of the laser was split (60:40) by a cube
beam splitter (with a near-infrared antire� ection coating) into two
beams. The higher intensity beam was coupled into a single-mode
(4.5-¹m core diameter) � ber and directed 30 m through a hardened
conduit to the probe.The lower intensitybeam was directedthrough
the confocal interferometer. The transmission through the interfer-
ometer was recorded with a silicon photodetector (10-MHz band-
width) and was used to convert the signal from the time domain to
the laser frequencydomain.All of the voltagesignals were acquired
at a sampling rate of 5 MHz (0.2 ¹s/point) with 12-bit resolution.

Inside the probe, the laser light was divided by a cube beam split-
ter into two beams that were directed from one probe � nger to the
other at a 43.8-degangle (Doppler-shiftedbeam) and a 90-deg angle
(non-Doppler-shifted beam) with respect to the bulk gas velocity.
Wedged (1 deg) windows were mounted in the probe to minimize
etalon effects. The laser transmission intensities (»0.3 mW/mm2 )
were monitored with silicon photodetectors (2.3-MHz bandwidth)
inside the probe. A number 29 Wratten � lter (long-pass cutoff
wavelengthD 630 nm) was af� xed to the inside of the upper win-
dow, that is, on the receiving � nger of the probe in Fig. 1, served to
exclude detection of background emission.

Gas velocity was determined from the measured absorption line
shapes using the Doppler relation,which relates the measured spec-
tral shift 1º (in gigahertz), at laser frequencyº, to the gas velocity
Vgas (in meters per second):

1º=º D Vgas.cos µ=c/ (1)

where c is the speed of light in meters per second and µ is the
angle between the beam and the bulk gas velocity. The absorption
measurement recorded in situ over a path perpendicularto the bulk-
� ow direction affords a simple means of nulling the possible effect
of pressure shift in the recorded line shapes.

The theoretical basis for determining species concentration from
measured absorption spectra is well established.7;8 The K concen-
tration was determined from the application of Beer’s law:
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Fig. 1 Schematic diagram of the sensor probe used for potassium ab-
sorption measurements in the Calspan 96-in. hypersonic shock tunnel.


